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Abstract: In searching for an appropriate time series model based on his-

torical data we applied unit root tests and considered 12 differ-

ent continuous-times stochastic models prices of six saw log and

pulp wood products from two important species of Scots pine (Pi-

nus.sylvesteris) and Norway spruce (Picea.abies), as well as, average

softwood log prices for annual long run and shorter monthly time

series in the Finnish wood market. For each product we conducted a

comparative analysis between models on the basis of Akaike’s Infor-

mation criteria (AIC), the mean square error (MSE) of the models

after one period of forecasting, and a likelihood ratio test. Parameter

estimation was performed by quasi maximum likelihood estimation

and local linearization method. The unit root tests results showed

that while in the long run the price of softwood is trend station-

ary, in short run it shows non-stationary behaviour. Our results also

showed that the level of effect of state the variable on volatility has

a major role in refining a general model in to simpler models. The

model with a general form of diffusion and no drift yields the highest

AIC for most products, and the diffusion part of the model plays an

important role in ranking by AIC, while in ranking by MSE for one

period of forecasting, the drift part of models plays important role.
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1. Introduction

The behaviour of price processes is a dominant question in uncer-

tainty literature that deals with a landowner’s harvesting decisions in

dynamic markets and also in connection with roundwood market effi-

ciency. The two main categories of price processes are stationary and

non-stationary price processes. These two types of processes have been

acknowledged in earlier harvest decision studies. Insley (2002) used

dynamic programming to solve a Wickselian optimal rotation problem.

She showed that the assumption of mean-reverting or random walk

process has a significant effect on the valuation of a stand and opti-

mal rotation. When the stand is young, critical prices for harvesting

the stand under mean-reverting price processes are lower than under

geometric Brownian motion (GBM) price processes. Tahvonen and

Kallio (2006) applied forest-level and risk-aversion under a stochastic

programming approach, they showed that under mean-reverting tim-

ber prices the harvest age depends more sensitively on the price, and

also the forest has higher value, than under the random walk timber

price process. Yoshimoto (2009) showed that the critical prices for har-

vest, wait or abandon decisions of a stand depend on the behaviour of

the price processes. Yoshimoto and Shoji (2002) applied 13 different

stochastic models on their monthly data sets of log prices in Japanese

markets and showed that each specific log could exhibit a different price

behaviour and different density distribution.

Market efficiency and price forecasting studies are other areas in

which the behaviour of price processes matter. A non-stationary price

process is considered to be as a weak form of an information efficient

market (Hultkranz 1995). Unit root tests are the main tools for defin-

ing market efficiency. Washburn and Binkley (1990) used a unit root

test for the timber market of the south-eastern United States and used

monthly, quarterly and annual data. They found that the timber mar-
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ket was efficient (non-stationary). Haight and Holmes (1991) showed

that while the monthly price had an autoregressive pattern, the quar-

terly average of the same data followed the random walk process, and

concluded that the average price for longer intervals was biased to-

ward a larger autoregressive coefficient. So the assumption of time

series behaviour for the same time-span depends on the time inter-

val of the data. Hultkrantz (1993) found that the pooled quarterly

data are stationary and the market of timber stumpage price in the

south-eastern United States is inefficient when he applied the Dickey-

Fuller test to Washburn and Binkley’s (1990) quarterly and annual

data. Hultkrantz (1995) studied the long-run annual data of timber

rent between 1909 and 1990 in the Swedish wood market and found

stationary behaviour, which indicated market inefficiency. Prestemon

et al. (2004), found that quarterly prices from 1977 to 2002 for 22 sub-

markets in the southern United States are mostly unit root. According

to their results, temporal aggregation has an effect on unit root tests

and therefore on conclusions that the researcher makes on the behaviour

of prices. Lohmander (1988) studied Finnish timber prices using semi-

annual data from 1960 to1982. He applied the autocorrelation function

(ACF) and partial autocorrelation function (PACF) of real data and

the residual of the applied models and found that price processes are

stationary. Later, Hultkrantz (1995) applied Lohmander’s data in a

Dickey-Fuller (DF) test and reached the same conclusion. Toppinen

(1998) used the monthly data of saw logs in the Finnish market from

1985 to 1997 and applied augmented Dickey-Fuller (ADF) test and

found the price processes to be non-stationary. Linden and Uusivuori

(2000) studied the annual data of the roundwood stumpage price in

Finland from 1900 to 1995. According to them, the nominal stumpage

price has a non-stationary process but deflating the nominal data by

the cost of living index makes the series trend stationary. Leskinen and
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Kangas (2001) used the annual data of average timber prices from 1950

to 1996 as well as expert judgment, and due to their low number of ob-

servations modelled data as AR (1) process. Hänninen et al. (2007)

used quarterly data from Finland and three other European countries

to study the transmission of price changes. They found the Finnish

data from 1995 to 2005 to be non-stationary.

In this study we show that the behaviour of timber prices in the long

run*1 may differ from their behaviour in the short run. Since forest

management is a long-term project and the price of timber fluctuates

over time it is important to study timber price behaviour in the long

and short run and see if a difference exists between price behaviour.

Thus our objective in this study is to examine the differences in price

processes in the long and short run. In this study, which focuses on

the dynamic of roundwood prices in the Finnish market, we first com-

pared two sets of time series for the behaviour of roundwood price in

the long and short run. Next we proposed 12 continuous stochastic

models for two time series and six wood products in the Finnish mar-

ket and applied AIC for goodness of fit and mean square error (MSE)

for the accuracy of forecasting of each stochastic model and product.

The remainder of the paper is organized as follows. The material for

the research is described in the second section. In the third section

the unit root tests and the stochastic model estimation and rankings

are described and in the fourth section we present the discussion and

conclusions.

2. Data and methods

We used two time series data sets: annual and monthly. The annual

*1 Long run and short run are hypothetical measures here and are used only to

show the differences between our annual data of 107 years and monthly data

of 23 years.
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data set is the average yearly price of softwood logs (weighted average

of Pine and Spruce saw logs) from 1900 to 2007 which has been deflated

by the wholesale index (year 2007 as base year). The monthly data is

for Scots pine (Pinus sylvesteris) and Norway spruce (Picea abies) saw

logs and pulpwood from January 1986 to September 2008. The data

has been deflated using the whole sale index for domestic goods. Since

there is no record for separate timber products before 1986 wecompute

weighted average monthly data for softwood logs in order to compare

the same product over different time length.

Pine log

Annual Soft Wood Log

Spruce log

Pine pulp

Spruce pulp

Figure 1. Time series of annual (1900-2007) and monthly

(Jan. 1986 – Sep. 2008) roundwood prices in Finland

The concept of stationary time series represents a critical assumption

in the analysis of time series data. Its importance lies in the fact

that conditions of constant mean variance and covariance are essential

in accurately estimating the parameters and models that describe the

data. Thus it is important to analyze the data for stationary before

using them for modelling and parameter estimation (Metes, 2005). We

applied three of the most common tests of unit root. We used an
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Augmented Dickey-Fuller (ADF) test which assumes an i.i.d error and

null hypothesis of unit root and a Phillops-Perron (PP) test which also

has a null hypothesis of unit root but is nonparametric and allows for

serial correlation in the innovations. Finally we used the Kwiatkowski,

Phillips, Schmidt and Shin (KPSS) that has the null hypothesis trend

stationary, as a complementary test (Hamilton 1994.chapter 5).

Table 1. Unit root test for annual and monthly price series of Pine and

Spruce pulpwood

1 For PP and KPSS, lag length has been chosen based on the kernel Bartlett spec-

trum estimation method and Andrews Bandwidth Selection. For ADF, lag length

was selected using the AIC as lag selection criteria.

The tests were carried out on the level and the result for all products

and all tests at first difference were stationary. For monthly data the

ADF and PP tests’ constant and linear trend parameters were not

significantly different from zero, but since the result the ADF and PP

tests in all conditions were the same and for the KPSS test the constant

and trend are different from zero. For comparability, we chose all tests

with constant and trend. For the annual data, the unit root tests (ADF
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and PP) were rejected and the trend stationary KPSS test could not

be rejected, so we have confirmatory results at 5% significance that the

price processes are stationary. Monthly data, on the other hand, do

not reject the unit root tests (ADF and PP) null hypothesis and reject

the null hypothesis of the KPSS test, which means that for shorter

time-spans of the monthly data the process is non-stationary.

3. Stochastic models

A typical one-dimensional continuous time model used in finance has

the following general form:

dxt = f(xt)dt + g(xt)dzt[1]

where the first part of the RHS represents the drift of the model and

the second represents its diffusion, and dzt denotes the increment of

standard Wiener process or Brownian motion (dz = ε
√

∆t,ε ∼ N(0, 1)).

In this study we propose a general model with the linear drift term as

a function of the state variable and the diffusion term as a non-linear

function of the state variable. By adding restriction to this general

model we can produce different models. By letting xt be stumpage

price at time t, the general price process model can be defined as:

dxt = (α + βxt)dt + σxγ
t dzt[2]

In equation [2], the drift has two parameters α and β, which guarantee

the existence of the mean-reverting models. In the diffusion part, σxγ
t is

the instantaneous standard deviation of log price changes which is often

referred as ‘volatility’. Parameter γ shows the level of effect of the state

variable on the process variance (here after LESV). The dependence of

the instantaneous standard deviation on xγ
t is known as the ‘levels
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effect’ (Yoshimoto and Shoji, 2002).

In order to consider specific models from the general model [2], we

established restrictions on 3 estimable parameters. That is on the pa-

rameters α and β in the drift part of equation [2] and parameter γ

in its diffusion part. Based on the restrictions on drift parameters we

obtained two main categories of mean-reverting (containing both drift

parameters) and non-stationary models as well as four classes of mod-

els, and in each class based on restrictions on the value of γ we obtained

three models, so in total we have 12 different stochastic estimable mod-

els in 4 classes and 2 categories (see Tab.2).

Table 2. Proposed stochastic models

Based on the drift restriction we can categorize the 12 models in to

4 classes: Models 1, 2 and 3 in the first class, which had two drift

parameter; models 4, 5 and 6 in the second class, which has a drift

parameter dependent on the time increment and current price; models

7, 8 and 9 in the third and models 10, 11 and 12 in the fourth class.
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Parameter estimation

The parameters are estimated by the local linearization method in-

troduced by Ozaki (1985) and applied in forest economics by Yoshi-

moto and Shoji (1998, 2002). The basic idea of the method is that an

original nonlinear stochastic differential equation is first converted to

a stochastic differential equation having a constant diffusion term, and

then the nonlinear drift of the derived stochastic differential equation is

locally approximated by a linear function of state*2. Since the resultant

stochastic differential equation is analytically solvable, the correspond-

ing likelihood function for the parameter estimation can be achieved

(Yoshimoto and Shoji, 2002).

Although there are other methods for parameter estimation with a

finite sample such as least square method and generalized method of

moments (GMM), Shoji and Ozaki (1997) indicate that the local lin-

earization method is superior for finite sample performance i.e., bias,

variance, and mean square error of variances of the parameter esti-

mates.

We first estimate the mean equation by least squares and use its pa-

rameter estimates and residuals as initial values for the ML estimation.

Table 3 shows the parameter estimation results.

P-values for parameters α and β indicate that except for model 5

(which is a GBM) we can omit these parameters for the models; in other

words class 4 is enough to represent the data. For spruce pulpwood,

the LESV value is less than zero and suggests that volatility changes

negatively with the price, or, as the price increases, the volatility will

decrease. The other products have a positive LESV value which in-

dicates that an increase in price will increase the volatility. Another

*2 Further discussion on the parameter estimation method can be found in Yoshi-

moto and Shoji (2002).
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Table 3. Estimated parameters

*p values in the brackets

result is that the higher the absolute LESV value the lower will be the

value of volatility which is in line with previous study of Yoshimoto

and Shoji’s (2002) study.
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Comparison of model performance

In order to rank the performance of each of the stochastic models, we

applied Akaike’s Information Criteria(AIC), which can be derived from

the log likelihood function of the models, AIC= -2*(LOGL+NOP),

where LOGL is the maximum value of log likelihood and NOP the

number of parameters in each stochastic model. It is known that, for

a given data set, larger number of model parameters implies larger

likelihood value, which yields an incorrect assessment of the results for

the model selection. AIC was devised to overcome this problem, so we

used it as a comparison criterion.

Table 4. Sorting 12 stochastic differential equations by AIC

AIC showed that for pine and spruce saw logs the best models were

models with unrestricted LESV (models 10, 7, 4, 1) and the worst those

constant volatility (models 12, 9, 6 and 3). For pine pulpwood, the best

models were those with unit LESV (γ = 1) and the worst those with
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constant volatility (γ = 0). For spruce pulp, on the other hand, the

best-fitted models were those with constant volatility and the worst

those with linear diffusion (models 8, 2, 5, 11). AIC ranking was also

has a relation with the value of parameter LESV. Spruce pulp had a

negative LESV and hence the best-fitted model for that product was

the one with constant volatility (model 12). For other products with a

positive and close to or bigger than 1 LESV value models with constant

volatility were among the least favourite.

For long-run annual data the three best models were those with unit

LESV (Models 8 and 2). While for the average monthly data of soft-

wood the best models were 4 and 7. For this product the drift also

had an important effect on the ranking. For instance, a model with

one drift parameter which shows the drift depends on time increment

and restricted linear LESV was the best. The second-best model was

model 2 with two drift parameters and restricted linear LESV. Thus

model 5 which has one drift parameter (like model 8) and restricted

unit LESV (like models 2 and 8) moved to the 7th place in the ranking

table because its drift is price dependent. In general value of LESV

is an important factor in the AIC ranking. Table 4 also shows that

some models for each product had a very close AIC value, so we also

investigated whether a significant difference existed between the gen-

eral model and the other models. Since the restrictions hierarchically

imposed on the general model the likelihood ratio test applied to deter-

mine if there was a significance difference between the general model

and the other stochastic models.

The likelihood ratio test results are presented in Table 5. For pine

products the last five models in the ranking of table 3 (models 11, 12,

3, 9, 6) could not be accepted as not being significantly different from

general model of equation [1]. For spruce logs only 3 models at the

top of ranking were accepted as not being significantly different from
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general model. For spruce pulpwood, models with linear relation of

volatility and current price cannot be accepted (models 2, 5, 8 and 11).

For average annual and monthly data models with constant volatility

cannot be accepted.

Table 5. Likelihood Ratio Test results for general model compared to

the other 11 models

* P-values which reject the null hypothesis of no difference with general model at

5% significance level.

Null: restricted model Alternative: Unrestricted model

* cannot accept the null hypothesis of restriction at a 5% significance level.

The estimated models are also valuable for forecasting the future and

we can use forecasting accuracy as a complement to model selecting.

We estimated the mean square error (MSE) of each model for one

period ahead.

For all products, the first class had the lowest mean square error

and for 3 out of 4 products the last class had the highest mean square

error. This shows that unlike using AIC criteria where ranking depends

mostly on the diffusion part of the model, the MSE criteria ranks the

models based more on the drift part of the model. Models with more

parameters in the drift part ranked higher and with less or no drift

ranked lower.
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Table 6. Ranking stochastic models based on Mean Square Error per-

formance

*Values have been multiplied by 1000

Even with small differences in AIC, different stochastic models would

lead to a different distribution of future price dynamics. Figure 2 a and

b depicts the histogram of the simulated sample path after 20 years

of simulation in terms of density of pine saw logs. The number of

simulations was 500, the time increment was set to 1/12 y (meaning

one month) and the initial index of price level was set to 1. Figure 2a,

shows the distribution of best (model 10) and worst (model 6) of AIC

performance for pine saw logs while Figure 2b shows the performance

of the GBM and GMR models.

4. Conclusions

The stationary test results show that in the long run the timber price
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Figure 2. Distribution of simulated best and worst AIC

for Pine saw log

Table 7. Descriptive statistics for simulated sample path for Pine saw

log

process is stationary, and in the short run non-stationary. This finding

is similar to that of Hultkrantz (1995) for long series annual data as

well as studies on short series monthly data such as Prestemon (2004)

and Toppinen (1998). However, Linden and Uusivuori (2000) arrived at

different conclusions for long run time series of nominal timber prices

in Finland. The unit root test results confirm that in the long run

the effects of sudden shocks disappears while in short run shocks can

change the direction of stumpage price processes (Yoshimoto and Kato

2004). This is also in agreement with the economics theory of changes

in commodity prices; for instance, as the price of a commodity rises,
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the supply of that commodity will increase due to the entry of higher

cost producers to the market, which will put downward pressure on

the price and vice versa. So the price will behave more like a mean

reverting process (Dixit and Pindyck, 1994, p69).

For forest stand management several one-dimensional continuous

stochastic models have been proposed to capture the uncertainty of

prices in long run as well as short run. Since the price processes

dynamics will affect forest manager’s decisions misspecification of the

price model will result in a non-optimal decision under uncertainty

(e.g., Yoshimoto and Shoji, 1998, Tahvonen and Kallio, 2006). In the

present study the objective was to propose different stochastic models

for stumpage price dynamics and conduct a comparative analysis of

their performance for long run and short run stumpage price data.

In previous studies on the effect of stochastic price processes on for-

est management, GBM and mean- reverting processes were often de-

fined for price dynamics (e.g. Haight and Holmes, 1991, Thomson,

1992, Yoshimoto and Shoji, 1998, Insley, 2002, Insley and Rollins, 2005,

Yoshimoto, 2009). This is mostly because of the tractability of such

stochastic processes and being common in Financial analysis. Although

tractability and analytical solution are important, restricting the re-

search on dynamic stochastic analysis to tractable models will raise the

question of the efficiency of such stochastic models in capturing price

dynamics.

Our results show that the dynamics of price processes for different

roundwood products in Finland can be captured by different models

and that a GBM or certain model of mean-reverting (e.g. the Ornstein-

Uhlenbeck model) may not be the best fit for every price process. In

fact, it is better to consider a more general form of stochastic model

and refine the model by specifying parameter values.

Our results also show that for most products and monthly data the
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best-fitted models are model with no drift. This is in contrast with

the Japanese market result by Yoshimoto and Shoji (2002), in which

for most of their products general form performed better. In addition,

comparing long run and monthly data in the case of best-fitted models

show that a mean-reverting model fits long run better than short run

data.

Further, a relation between AIC ranking and the diffusion part of the

stochastic model and LESV value is apparent. Refinement the models

can be implemented regarding to the LESV value. LESV shows weight

of state variable in diffusion of price processes dynamics, considering

processes with constant or linear volatility easier to handle and more

practical, one can refine the LESV of less (more) than 0.5 to zero. LESV

less than 0.5 shows the low dependence between price and its volatility

so it can be refine to zero while, LESV of more than 0.5 shows higher

dependency of price to the volatility and can be refine to 1. On the

other hand, the MSE for the forecasting of one period ahead has been

seen to be influenced more by a functional form of the drift term, where

as in our cases more drift term usually produced a better MSE fit.

Our simulation analysis showed that different stochastic models will

lead to a different distribution of simulated sample paths, which can

consequently affect forest management decisions (e.g. Tahvonen and

Kallio, 2006, Insley, 2002). The probability of observing a price which

is above or below some given threshold price is dependent on the distri-

bution of future price paths, thus value of a forest management action

is dependent on the chosen price processes. Further studies can be

directed toward stochastic volatility models and comparison between

them. As well investigating the effects of different stochastic volatility

models on optimal decision making is necessary.

Aknowledgement



140 Bayazidi, S. & Yoshimoto, A.

This paper has been presented at FORMATH International

Symposium–FORMATH TACHIKAWA 2010 held at Tokyo, Japan,

March, 13-14, 2010. The authors would like to express their grati-

tude for the financial support from “Tohoku University Ecosystem

Adaptability of Global COE” to attend and present this research. The

authors are also thankful to the participants who made their valuable

comments and suggestion during the presentation. The authors

also wish to thank the anonymous reviewers who provide valuable

comments. Financial support from Finnish Graduate School in Forest

Science (GSForest) is acknowledged.

References

Clarke H.R. and Reed W.J. (1989) The tree cutting problem in a

stochastic environment: the case of age dependent growth, J. Econ.

Dynam. Control 13: 569–595.

Dixit A.W. and Pindyck R.S. (1994) Investment under uncertainty,

Princeton Univ. Press, Princeton, N. J.

Finnish Forest Research Institute (2008) Finnish statistical yearbook of

forestry, Finnish Forest Reasearch Institute, Helsinki, Finland.

Giolberg, O. and Guttormsen, A. (2002) Real option in forest: what if

prices are mean reverting, Forest Pol. Econ. (4): 13–20.

Haight, R.G. and Holmes, T.P. (1991) Stochastic price model and op-

timal tree cutting :results for loblolly pine, Natural Res. Modeling

4: 11–37.

Hamilton J.D. (1994) Time series analysis. Princeton university press.

Hänninen, R., Toppinen, A. and Toivonen, R. (2007) Transmission of

price change in sawnwood and sawlog markets of the new and old

EU member countries, Eur. J. Forest Res. (126): 111–120.

Hultkrantz, L. (1993) Informational efficiency of market for stumpage:

comment, Amer. J. Agr. Econ. (75): 234–238.



Appropriate Stochastic Price Models for Finnish Stumpage Market 141

Hultkrantz, L. (1995) The behaviour of timber rents in Sweden 1909-

1990, J. Forest Econ. 1 (2): 165–180.

Insley, M. (2002) A real option approach to the valuation of a forestry

investment, J. Environ. Econ. Manag. 15: 515–556.

Insley, M. and Rollins, K. (2005) On solving the multirotational timber

harvesting problem with stochastic prices: a linear complementarity

formulation, Amer. J. Agr. Econ. 87: 735–755.

Linden, M. and Uusivuori, J. (2000) Modelling timber price forecasts

and stumpage market expectations in Finland 1900-1995, J. Forest

Econ. 6 (2): 131–149.

Lohmander, P. (1988) Pulse extration under risk and a numerical

forestry application, Syst. Anal. Model Sim. 5: 339–354.

Metes, D.V. (2005) Visual, unit root and stationarity tests and their

power and accuracy, Department of Mathematical and statistical

Science, University of Alberta.

Ozaki, T. (1985) Statistical identification of storage models with appli-

cation to stochastic hydrology, Water Resource Bull 21: 663–675.

Prestemon, J.P. (2003) Evaluation of U.S southern pine stumpage mar-

ket informational efficiency, Can. J. Forest Res. (33): 561–572.

Prestemon, J.P., Pye, J. M. and Holmes, T. P. (2004) Temporal aggre-

gation and testing for timber price behavior, Natural Res. Modeling

17 (2): 123–159.

Reed W.J. and Clark, H.R. (1990) Harvest decision and asset valuation

for biological resource exhibiting size-dependent stochastic growth,

Int. Econ. Rev. 13: 147–169.

Shoji, I. and Ozaki, T. (1997) Comarative study of estimation method

for continuous time stochastic processes, J. Time Ser. Annal. 18:

485–506.

Shumway, R.H. and Stoffe,r D.S. (2000) Time series analysis and its

application. Springer, New York.



142 Bayazidi, S. & Yoshimoto, A.

Tahvonen, O. and Kallio, M. (2006) Optimal harvesting of forest age

class under price uncertainty and risk aversion, Natural Res. Mod-

eling 19 (4): 557–584.

Thomson, T.A. (1992) Optimal forest rotation when stumpage price

follow diffusion process, Land Econ. 68: 329–342.

Toppinen, A. (1998) Incorporating cointegration relation in a short-run

model of the Finnish sawlog market, Can. J. Forest Res. (28):

291–298.

Yoshimoto, A. (2009) Threshold price as economic indicator for sustain-

able forest management under stochastic log price, J. Forest Res.

(14): 193–202.

Yoshimoto, A. and Kato, T. (2004) Effects of estimation length on

parameter estimates of geometric Brownian, J. Forest Res. 9: 239–

248.

Yoshimoto, A. and Shoji, I. (1998) Searching for an optimal rotation

age for forest stand management under stochastic log prices, Eur.

J. Operat. Res. 105: 100–112.

Yoshimoto, A. and Shoji, I. (2002) Comparative analysis of stochastic

models for financial uncertainty in forest management, Forest Sci

48 (4): 755–766.

Washburn, C. and Binkley, C.S. (1990) Informational efficiency of mar-

kets for Stumpage, Amer. J. Agr. Econ. (72): 394–405.


